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Abstrakt

Tato prace se zabyva okrajovou tlohou pro systém dvou obycejnych diferencidlnich rovnic druhého
fadu s konkdvnimi a konvexnimi nelinearitami a Dirichletovymi okrajovymi podminkami. Jedna
z rovnic obsahuje kladny parametr A. Cilem prace je vySetfit existenci a nasobnost netrividlnich feseni
ulohy na zakladé hodnot parametru A. Préce nejprve prezentuje vysledky numerickych experimentu,
diky nimz c¢tenar ziska predstavu o chovani zadaného systému. Stézejnim vysledkem této casti je
bifurkaéni diagram, ktery vykresluje zavislost poc¢tu netrividlnich feSeni na hodnotach parametru .
Ve zbytku préce jsou pak poznatky ziskané z numerickych experimenti dokazovany analyticky. K
ziskani vysledku je pouzita alternativni formulace tlohy pomoci jedné obyc¢ejné diferencialni rovnice
¢tvrtého fadu s Navierovymi okrajovymi podminkami. Pomoci varia¢nich metod je nalezen omezeny
interval pro parametr A tak, aby tiloha méla s jistotou alesponi dvé ruznd netrividlni feseni. V zdvéru
prace jsou ziskané analytické vysledky porovnédny s vysledky numerickych experimentu.

Klicova slova: okrajova tloha, parametr, systém obycejnych diferencidlnich rovnic, Mountain Pass,
existence a nasobnost feseni, bifurka¢ni diagram

Abstract

This paper deals with a BVP for a system which consists of two ordinary differential equations of
the second order with concave and convex nonlinearities and Dirichlet boundary conditions. One of
the equations contains a positive parameter A. The aim of this work is to examine existence and
multiplicity of nontrivial solutions of the system based on values of the parameter A\. The paper
presents results of numerical experiments which describe the behaviour of the system. The key result
of this section is a bifurcation diagram which shows dependence of multiplicity of nontrivial solutions
on values of the parameter A. In the rest of the work, we tackle rigorously several of the features
revealed by the numerical experiments. For this purpose, the problem is described using a single
ordinary differential equation of the fourth order with Navier boundary conditions. Using variational
methods, an appropriate bounded range for \ is found such that the problem has at least two distinct
nontrivial solutions. At the end of the work, the analytical results are compared with the results
obtained from the numerical experiments.

Keywords: boundary value problem, parameter, system of ordinary differential equations, Mountain
Pass, existence and multiplicity of solutions, bifurcation diagram
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Preface

This work deals with a system of two ordinary differential equations of the second order
u"(x) = Mo(@)|" " o(e) + o@)P (@), 0<z<1
V(@) = |u(z)|" ul),

u,v > 0,
u(0) = u(l) = v(0) =v(1) =0,

where p > 1, ¢ > 1, and r € (0, 1) are fixed exponents and A > 0 is a controlled parameter. The system
features a concave (near the origin) and convex (at infinity) nonlinearities. This work examines
a connection between existence (and multiplicity) of solutions of and values of the parameter A.
Systems of this type describe phenomena which occur naturally for instance in population dynamics,
astrophysics or fluid dynamics. In astrophysics, similar equations have occured since 19th century and
they have been used for capturing behavior of density of a gas sphere [0, [10]. Known results for the
topic of the systems with concave-convex nonlinearities can be found for example in [2] (for a related
single equation) and [6] (for the system in higher dimensions). This work brings an insight to this
topic in one dimension providing wide theoretical and numerical results. We emphasize that studies of
such boundary value problems in dimension one often yield more precise information. Nevertheless as
far as we know, this has not been explored yet for the systems of our type. In this regard, the numerical
experiments presented in this work are a novel, insightful and (we believe) versatile approach to study
system (¥). The numerical experiments represent a generalization of ideas in [IT].

Our theoretical approach is motivated by the one in [2], in contrast with the approach in [6].
Chapter[l|deals with preliminary statements used later in this work as supporting arguments in proofs.
A few of the statements refer to known results in the theory of Sobolev spaces. Most of the claims
are, however, formulated and proved specifically for purpose of this work.

Chapter [2| first formulates the problem and sets out a path for answering the question of how
many solutions exist for a given value of the parameter A. Then it provides a section with numerical
experiments. This section contains a detailed description of scripts designed in Matlab specifically for
this work. Briefly, the scripts treat the problem () as an initial value problem setting u(0) = v(0) =0
and values of u/(0) and v/(0) are left as parameters. Systematically choosing different combinations
of these parameters, the scripts compute thousands of solutions of initial value problems that do not
necessarily satisfy the boundary condition of (%)) at = 1. If such solutions satisfy u(1) = v(1) = 0,
they are considered to be solutions to the original problem . The major results of the section about
numerical experiments is a bifurcation diagram which points out reasonable choices of values of the
parameter A if we try to obtain a solution of the problem.

Results from the numerical section were then used as a starting point in the development of analyt-
ical statements in Chapter [3| which rigorously examine existence and multiplicity of solutions of .
Therefore, most of the chapter is filled with proofs of analytical claims using among others the Moun-
tain Pass theorem and the Minimization theorem as key tools for proving existence of two distinct
solutions. The claims are then utilized to prove the main theorem, which sums up all the analytical
results provided in this work.
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At the very end of the paper, a few paragraphs are dedicated to a comparison of the analytical and
the numerical results presented in Chapters [2] and [3]



Chapter 1

Preliminaries

Throughout this work we assume that the reader is familiar with basic concepts of LP spaces and
functional analysis. This chapter mentions crucial terminology and well-known statements and fur-
thermore, it provides a theoretical background for the following chapters.

In this chapter, unless stated otherwise, we assume 1 < p < 400, £k € N, and I C R is an open
bounded interval.

1.1 Sobolev spaces

Definition 1.1 (Weak derivative). Let u € L}, (I). A function v € L{, (I) is the k-th weak derivative
of w if for every ¢ € C§°(I)

We denote the k-th derivative by u(*).

Remark 1.2. The function u(® is also called the weak derivative of order k. The function ¢ is usually

called a test function. If both weak and classical derivatives exist, they coincide. For simplicity, we

denote v/ = u® and v’ = u®.

Definition 1.3 (Sobolev space). The Sobolev space W*P(I) is the space of all u € LP(I) such that
u® € LP(I) for any i € {1,...,k}.

Remark 1.4. Tt is known that the mapping

!
-l = w e lullzogy + 3 1w
=1

is a norm in WH*P(I).

The following theorem sums up Theorems 3.3 and 3.6 in [1], p. 60-61.

Theorem 1.5. The Sobolev space W*P(I) is Banach for any k € N and p € [1,+oc]. Furthermore it
is separable for p € [1,00) and reflexive for p € (1,00).

The following definition allows us to work with homogeneous Dirichlet boundary conditions in the
framework of Sobolev spaces.

Definition 1.6. Let 1 < p < 400. Wol’p(l) is defined as the closure of C}(I) in WP(I) with respect
to |[-[lwe(r)-



A convenient description of the space WO1 P(I) is given in the following theorem.
Theorem 1.7. Let u € WIP(I). Then u € Wol’p(I) if and only if u=0 on OI.
The proof of this Theorem is provided in [4], Th. 8.12, p. 217.

1.1.1 Important statements for Sobolev spaces

We also mention some important results from the theory of Sobolev spaces.
The following theorem describes a crucial property of the Sobolev functions in one dimension.

Theorem 1.8 (Continuity of the Sobolev functions in R). Let u € WP(I). There exists a function
u € C(I) such that

and for any a,b € I

For the proof of Theorem see [4], Th. 8.2, p. 204.
Remark 1.9. The following holds for any u € W*»(I):

(a) ue C(I),
(b) v e C(I) for any i € {1,...,k —1}.
Hence u € C*=1(T).

The following theorem proved in [4] (Corollary 8.10, p. 215) allows us to use the integration by parts
in WhP(T).

Theorem 1.10 (Integration by parts). Let f1, fo € WYP(I) for 1 <p < +oc. Then
fif2 e WHP(I)

and for any a,b € I we have

b b
/ fi fa de = f1(a) fala) — f2(b) folb) — / fi 1} de. (11)

Remark 1.11. We point out that if Theorem is used for fi, fo € W'P(I) and a,b € I such that
for both of the points a, b, at least one of the function fi, fo vanishes, equation (1.1)) simplifies to the

form
b b
/f{fzdxz —/flféda:.

1 _
Theorem 1.12 (Morrey’s inequality). Let u € WLP(I) and 1 < p < +oo. Then u € C"' "5 (I) and
forallx,y e,

_1
lu(z) = u()] < |z =y~ 1o/ o)



The proof of Morrey’s inequality can be found in [8], Th. 4, p. 280.
The following Remark allows us to present the result of the Morrey’s inequality in a broader context.

Remark 1.13. Let us assume I = (a,b), s € [1,00), and u € L>(a,b). Since I is a bounded interval,
the following estimate holds

b
s 1
lallzeqas) = / s | < (0—a)F Jull e (as)-

Remark 1.14 (Morrey’s inequality revisited). Let us assume I = (a,b).
(a) If u € WHP(a,b) and u(x1) = 0 for some x1 € [a,b], the result in Theorem yields that
u € L*®(a,b) and in addition
1-1
[ullzoe(apy < (0= a) ™ [0/l ogay)- (1.2)
(b) If u € W2P(a,b) and u/(x3) = 0 for some x5 € [a, b], then
(bl) ' € WhP(a,b) and we get (1.2)) for the derivative of u, in other words, v’ € L>(a,b) and
_1
| ooy < (b= @)% " | oo (1.3)
(b2) Remark gives
_1 1 _1
u(@) —u(y)] < (0= a)' 77 [/l oapy < (0= a) (b—a) "7 /]| oo (a,p) (1.4)

and applying (1.3) for inequality (|1.4), the Morrey’s inequality can be further iterated as
follows

[u(@) = u(m)| < (0= a) (b =)' 7 [u" | oga
for any x,y € [a,b]. Thus,
ooy < (b= )77 [ llio(a )
Theorem 1.15. Let I be bounded and let 1 < p < 4o00. Then the following embeddings are compact:
(a) WHP(I) C O(I),
(b) WiP(I) C LP(I).

For proof see [4], Th. 8.8, p. 213 and [4], Th. 9.16, p. 285.

Provided the assumptions of Theorem are satisfied, for a bounded sequence (u,,) C WP (I), there
exist a subsequence (uy, ) C (u,) and u € WHP(I) such that u,, converges to u uniformly in [a, b] and
strongly in LP(I).

1.2 The Sobolev space X, = W27(0,1) N W,"(0,1)
For v > 1, let us consider the space
X, == W(0,1) nW,;7(0,1). (1.5)
Remark 1.16. From Theorems and if u € X, we know that:
« u, ', and u” belong to the space L7(0,1);
- uwe CY([0,1]);
« u(0) =u(l) =0.

Let us now describe further properties of X, .



Properties of X,

X, is clearly a subset of the linear vector space VVO1 "7(0,1). Consider the mapping ||.||x, : X; = R
defined by

1
lollx, = / ()] da
0

Now, we show that (X, |.][x,) is a normed space.
Clearly, for any v € X, and k € R, we have

lvllx, = 0, (1.6)
[v]lx, =0 & " =0ae. in (0,1),
;

1
lkollx, = |k /\v”(x)wdx . (1.8)
0

Furthermore, v = 0 if and only if v' = const., i.e. v is a linear function. However, since any v € X,

is zero on a boundaryEl, (1.6)—(1.7) necessarily imply
lvllx, >0 and |[v|lx, =0 < v=0on[0,1].
Finally, the Minkowski inequality in L7(0, 1) yields for any u,v € X,
lu+vllx, < llullx, + llvllx,- (1.9)

Consequently, from (1.6)—(1.9), X, endowed with ||.||x satisfies all axioms of a normed space.

For purpose of further work, we present the following lemmas.

Lemma 1.17. Ifu € X, then u € L*°(0,1) and
[ullze(0,1) < llullx, - (1.10)
Moreover, for any s € (1,00], the linear embedding

e a1
is continuous with ||z]] < 1.
Proof. If u € X, then from Remark and Rolle’s Theoremﬂ we know the following:
. ue W27(0,1),
e u(0) =0=u(l),

« both u and ' are continuous in [0, 1],

« there exists £ € (0,1) such that u/(§) = 0.

1See Theorem
2See [13], p. 215, Prop. 1



Using the above stated properties, we obtain ([1.10)) directly from Remark
Remark further yields

[llzso,1) < llullx,,

which proves the properties of (1.11]). The proof is now complete. O

Lemma 1.18. The norms |.|x, and |.|[w2+(0,1) are equivalent in X, .

Proof. For u € X, Remarks and imply

W12 0,1) < Ilullx,- (1.12)
Furthemore, from Lemma [T.17] we have

[ullvo,0) < llullx,, (1.13)
which yields

1
§||U||W2W(0,1) < lullx, < [lullwz0,1)-

Lemma 1.19. Space X, is Banach for any v > 1.

Proof. Let us consider a Cauchy sequence (u,) C X, that is, for any ¢ > 0 there exists ng € N such
that for any k,l € N it holds that

if k> ng and [ > ng, we have |Juy —wl|x, <e. (1.14)

First we prove that (u,) is Cauchy both in WO1 7(0,1) and W?27(0,1). Let us consider k,[ satisfying
assumptions in (1.14). Since uy —u; € X, Remark and Rolle’s Theorem imply that for some

Therefore, Remarks and yield

lut, — wgll o1y < llur — wl x, - (1.15)

Since ||v/[| v (0,1) and |[u|lw14(0,1) are equivalent norms in Wol’W(O, 1) and since k, [ € N satisfying 1)
were chosen arbitrarily, inequality () gives that (u,) is Cauchy in VVO1 7(0,1).
The sequence (u,) is also Cauchy in W?27(0,1) from Lemma

Since the spaces W27(0,1) and Wol"y(O, 1) are Banach spaces, there exist functions ui; € W?27(0,1)
and 1y € W,"7(0,1) such that

l|lwn — 'LLAIHWQ,W(OJ) —0 and |u,— /U/:QHW(},W(OJ) -0

as n approaches infinity.
Since for any n € N,

[|un — 151\|W1w(0,1) < Jun — I[1HW2W(0,1)7

lZl = 122 a.e. in (O, 1)
This implies that for an arbitrary Cauchy sequence (u,) C X, there exists u; € X, such that (u,)
converges to up strongly in X,. The proof is complete. O

Lemma 1.20. For any v > 1, the space X, is reflexive.

7



Proof. The space X, is a linear subspace of W27(0,1), thus we can consider the operator T : X, —
W?27(0,1) defined by T(u) = u for any u € X,.

Clearly, the operator T is injective and X, consists of all images of T in W27(0,1). Now we need to
prove that X, is closed in W27(0,1).

We know that W?*7(0,1) endowed with ||.|[y2.(0,1) and X, endowed with |[|.|x, are Banach spaceﬂ
Since ||.|lw2+(0,1y and || x, are equivalent (see Lemma in X, we have that

(X5 [I-lw20,1))

is also a Banach space.
X, is then closed in W*7(0,1) and hence ([4], Prop. 3.20) yields that the space X, is reflexive. [

3See Theorem and Lemma m



Chapter 2

An elliptic system with concave-convex
nonlinearities

Let p,q,r, A be real constants such that » € (0,1), p,g > 1, gr <1 and A > 0.
Let us consider the BVP

= Ao(@)|" o) + @) P tu(z), 0<z<1
(2.1)

u(0) = u(l) =v(0) =v(1) =0.

In this chapter, we examine existence and multiplicity of nontrivial non-negative solutions of (2.1]) and
their dependence on .

2.1 Formulation

To be able to work with the problem in a slightly simpler way, we rewrite the BVP (2.1)) as follows

—u"(z) = A (vi(2)" + (v4(2))?, 0<az<1
—v"(x) = |u(@)|" u(x), (2.2)
u(0) =u(1) =v(0) =v(1) =0,

where v, denotes a positive part of function v, in other words for any = € (0, 1)

v4(z) = max{v(z),0}.

Observe that if u,v are classical solutions of (2.2), that is u,o € C?(0,1) N C([0,1]) satisfy
pointwise, from the first equation, u is concave in [0, 1]. Since u(0) = u(1) = 0, w is positive in (0,1).
Arguing in a similar manner with the second equation, the same holds for v.

Therefore, any classical solution of is automatically positive and hence it is also a solution of

1.
Being u a classical smooth solution in (0, 1), from the second equation in (2.2]) we have

u=—")i " € C2(0,1). (2.3)
Plugging (2.3) into the first equation in (2.2)) yields

9



2 1
A (@I @) = Ao @) + @), =€ 0.), 2.4

with the Navier boundary conditions
v(0) =v(1) =0 =12"(0) ="(1). (2.5)

In this context, it is reasonable to say that a classmal solut1on of (2.4 . is a function v € C%(0,1)

such that [v"(z )]771 "(z) belongs to C?(0,1) and is satisfied pointwise. This definition is
rather restrictive for further study. For this reason, in thls work we approach the problem in a “weaker”
sense.

Set v := % and let X := X, be the space introduced in . Let us multiply by an arbitrary
test function ¢ € X and integrate the equation over the interval (0,1).
On the left-hand side, let us carry out integration by parts. Since ¢(0) = ¢(1) = 0 (we recall that any
function in X is zero at the boundary in view of Remark , we get

X

/: -1 ”(a:)) o' (x)dw :/()\ (v4(2))" @(z) + (v4+(2))” () dz.
/ 0

Applying integration by parts again and using (2.5)), we have

1
/ W (@) o (@) / P o(@) + (vs (1)) (a)) da. (2.6)
0

For relation to make sense, it is enough to have integrable integrands on both sides of .
In contrast with the concept of the classical solution of 7, neither we require higher order
differentiability, nor we need pointwise equality of the original terms. The previous dicussions motivate
the following definition.

Definition 2.1. A function v € X satisfying (2.6 for any arbitrary ¢ € X is called a weak solution

of @1) 3.

Looking for weak solutions of f allows us to use the variational approach, which is a more
convenient tool for our purposes. As it was discussed above, any classical solution of f
is a weak solution of f. In the following proposition, we prove that, having found a weak
solution of 7, it corresponds also to a classical solution of 7. Proof of the proposition
is motivated by arguments presented in [9].

Proposition 2.2 (Regularity of weak solutions). If v € X is a weak solution of f, then the
function v is also a classical solution of f.

Proof. To make the notation in this proof concise, we denote
1_
ax(z) = [V (@)|i (@) and  ag(@) = Ave (@) + (v4(2))P.

Thus, (2.4)—(2.5) reads as

(2.7)



whereas equation ([2.6)) can be rewritten as follows
(2.8)

1 1
/ag(x) /ag z)de VYee X.
0 0

Let v € X satisfy . We need to show that
(i) v € C%(0,1),
(i) a2 € C?(0,1),
(iii) holds pointwise.
Clearly, from Theorem E ag is continuous. By means of Theorem we may integrate by partsﬂ

the right-hand side in (2.8]) to find that

1 1 T
/ag(az) ¢ (x)dx = —/ /ao(t) dt | ¢'(z)dz Vp € X. (2.9)
0 0 \0
The integration by parts can be carried out once again, which results in
1 1 z Yy 1y
/ag(a:) ¢ (x) dx :/ //ao(t) dtdy | ¢"(z)dx — //ao dtdy | ¢'(1) Vo € X,
0 0 \0 0 0 0
or in simplified notation
(2

1y
//aodtdy (1) VpeX

1
/M(m) ¢’ (x)dx = —
0

y
[ ao(t)dtdy for = € (0,1).
0

O%H

with M (x) :=

10)

We will prove that M is a linear function and, consequently, it is twice continuosly differentiable. To

begin with, we choose a concrete test function ¢ in (2.10]). Define

)
3
://M(t)dtdy—Aég—i—Bx,

where A, B are defined as
1z
z)dzr — 3 [ [ M(t)dtdz,
00

>
Il
w

o . OS,_,

1 x
%ffM t)dt dx.
00

ow
Il
N[

(t) dt and assume f> is any ¢ € X.

In 1; take fi(z) = fao t
0
11

(2.11)



From (2.11)), we directly get

/M t—i—O—B

¢"(x) = M(z)— Az
We now verify that ¢ represents an admissible test function. It is easy to see that

¢(0) = &(1) = 0.

+
Since v € X, we know that v” € LT Moreover since q > 1, we have L (O 1) <= L+ (0,1) and

thus
1

+1 %
foall G = [ do <O T <o,
-7 (0,1) a (071)

)

(' is a positive constant. Therefore
¢ el 7 (0 1),

in other words, ¢ € X. Moreover, ¢'(1) = 0 and it follows from (2.10]) that

1
/M ¢’ (z)dz = 0. (2.12)
0

Furthermore, using assertion (2.12)) and integration by parts (Theorem ,

1
/(M(m) — Az)?dz =
0

Necessarily from the last equality, we have that M (z) = Az a.e. in (0, 1), in other words,

z Y
= Az + //ag(t) dtdz a.e. in (0,1), (2.13)
0 0

which (due to differentiability of the right-hand side) yields
az € C2(0,1), wve C?0,1), (2.14)

which proves on page

It remains to be proved that v satisfies (2.7 pointwise. Differentiating twice both sides of (2.13]) for
€(0,1),
ah(z) = ap(x), =€ (0,1). (2.15)



Since v € X, in view of Theorem we have
v(0) =v(1) = 0. (2.16)

Finally, we prove that v” vanishes at the boundary. Using (2.14) and integrating by parts twicdﬂ the
left-hand side in ({2.8]),

1

/ (a5 — ap) pdz = az(0) ¢'(0) — az(1) ¢’ (1) Ve € X.
0

Using ([2.15)) then yields
a2(0) ¢'(0) —a2(1) ¢'(1) =0 Vyp € X.

Since ¢ € X is arbitrary in the last equation, necessarily a2(0) = az(1) = 0 and hence

v"(0) = v"(1) = 0. (2.17)
Assertions (2.14)—(2.17)) conclude the proof of on page and this completes the proof of the
proposition. O

Consider the functional J : X — R defined by

1 1
1
/ [v" () M @) de — —— vﬁ“(x) dz.
q + g+1 p+1
0 0
For convenience, we can rewrite J(v) as
q q+t1 A 1
J(v) = Y vy =l vilphey = o7l v 0.y (2.18)

From Lemma J is well-defined.
If we examine the Gateaux derivative of J at v € X in the direction ¢ € X, we get
1 1

1
DJ(v)p = / [ (@)1 0" () " da — / (Ao (@) o(@) ¢ + [og (@) P o(z) @) da. (2.19)
0 0
As a corollary of the Holder’s inequality, Lemma and the preceeding remarks, for any v, € X,
DJ(v)p is well-defined (for details see on page .
Also, DJ(v)p = 0 if and only if v Satlsﬁes , i.e., v is a weak solution of f.

% 3k %

Our aim now is to examine multiplicity of solutions of (2.4)—(2.5)) (or (2.1)), respectively) with respect
to a given value of the parameter \. The main result in this regard is concluded in the following
statement.

Main Theorem. There exists a positive constant \g such that, for X € (0, \g), there exist two distinct
nontrivial non-negative classical solutions of .

To prove this theorem, we proceed in a few steps. First, we get insight and intuition using numerical
experiments. Second, based on the observations, we use two variational theorems (the Mountain Pass
Theorem and the Minimization Theorem) to obtain two solutions for a specific range of values of the
parameter \. Finally, we verify that the solutions have the desired properties and we carry out the
proof of [Main Theoreml|

2We integrate by parts by means of Theorem First we consider f1 = ¢', fo = as, subsequently f1 = ¢, fo = a5.
Observe that ¢(0) = ¢(1) = 0, which simplifies the result.
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2.2 Numerical experiments

In this section, we describe an idea we developed to obtain numerical observations for problem E|
However, for the purpose of the numerical experiments, we have to consider a different representation
of the problem.

Consider the initial value problem

/

() =w(z), >0

(@) = =A (v4(2))" = (v4(2))",
"(z) = z(2),

() = |u( )| (),
(0)
(0)

/
€T

(2.20)

0
v(0

u

( ) Clu(),
( ) = dUO’

where dug and dvg are considered as additional real parameters of the problem.

Let us suppose that (u,w,v, z) is a solution to , then the functions u and v automatically satisfy
the equations and the left Dirichlet boundary conditions in . It remains to verify that v and v
are zero at the right boundary (namely, at x = 1).

Naturally, choosing different parameters (dug, dvg), we compute different solutions of the corresponding
problem . At the same time, when we obtain functions v and v, we can easily calculate the values
u(1) and v(1). Hence, for certain values of dug, dvg, the corresponding pair of functions (u, v) becomes
a solution to (2.2)), whenever u(1) = v(1) =0 and u,v > 0 in (0, 1).

During the numerical experiments, we iterate predefined values of the parameters (dug,dvy) and
compute the correspoding solutions to . When such solution satisfies

u(1) = 0, v(1) =0,

in other words |u(1)| and |v(1)| are sufficiently small, we call (u,v) a solution to the original problem
£2).

A reader can imagine the process as a footballer’s kick. Two footballers kick a ball from the ground
(zero height) on the left border of the field with a given initial slope. The trajectory of the kicked
balls are controlled by our equations. The footballers aim at a bin located on the right border of the
field. To hit the bin with a ball, it is necessary to choose the initial slope of the kick such that the ball
descends to a zero height exactly on the right border of the field, neither closer, nor farther from the
footballer. Since each of the footballers kicks with different strength, generally speaking, the required
slopes for the one and the other footballer differ.

The implementation of this idea is described in the following subsection.

2.2.1 The implementation

We implemented the idea of the experiments as a set of scripts in Matlab. The script is optimized to
provide the results in reasonable time and accuracy.

<numerical.m>
Define algorithm settings and values of the parameters p, ¢, r.
Define the initial range for dug and dvg.
Define the range for the parameter \.
Iterate through the range for A\ and do the following;:

3Tt suffices to consider 1) as described at the beginning of this chapter.
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<for cycle>
Run shooting.m with desired settings.

<shooting.m>

Represent dug — dvg plane by coarse (A = 0.1) and dense (A = 0.005) gridsﬁ
Iterate vertices of the coarse grid and run shootandsolve.m.

<shootandsolve.m>
Run ode45.m (Runge-Kutta method for ODEs from Matlab library) for and
any given initial condition (u(0),w(0),v(0), z(0)) = (0, dug, 0, dvy).
Compute the solution and calculate the residues u(1) and v(1).
Return the residues as the return value.
< /shootandsolve.m>
Based on the residues for a pair (dug, dvg), assign the pair a color using the following
scheme:

« u(l) >0, v(1) >0 — green,
« u(l) >0, v(1) <0 — yellow,
« u(l) <0, v(1) >0 — blue,

« u(l) <0, v(1) <0 — red.

Plot the colors in a dug — dvg diagram and save them into a variable for the coarse grid.
The pair (dug, dvy) such that (u,v) is also a solution of can be located exactly at
the point where all colors meet, in other words, where both residues are zero.
Iterate through the vertices of the coarse grid and choose only the points which have
a neighbour of a different color (we target edges between two colors).
In the dense grid, proceed only with the vertices corresponding to the chosen points in
the coarse grid.
Run shootandsolve.m for the vertices in the dense grid.
Plot the colors in the dug — dvg diagram and save them into a variable for the dense
grid.
Explore neighbourhood of the points in the dense grid and check whether all colors are
present in the neighbourhood (if so, assume there is a solution in the neighbourhood).
Approximate the values of (dug, dvg) corresponding to the solution — denote them by
(solU, solV') — and mark them in the graph with a black circle.
Return (solU, solV') — or (Inf, Inf) if no solution was found.
</shooting.m>
If the return value is (Inf, Inf) (solution not found), exit the for cycle.
Run showsolution.m, pass (solU, solV') as a parameter.

<showsolution.m>
Compute the solution using (solU, solV') and ode45.m.
Plot the solution (for plotting, consider the merged equation )
Return magnitude of the plotted function.

Note: The notion of magnitude represents the norm || f|| = m[ax] f(x).
z€|0,1

4The grid is uniform, square, and the distance between two neighboring vertices is A (in both directions duo and
dvo). The results are computed only in the vertices of the grid. For instance, if we consider duo € [a, b] and dvy € [c, d],
the corresponding grid consists of vertices

a+idb+iA) €l x[ed: i=01,...,2=9% j=01,. . 2=l
A A

For simplicity, we assume b — a,d — ¢, A™' € N. Thus, for any unit square in dug — dvo plane, the coarse grid contains
102 vertices and the dense grid contains 200% vertices.
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< /showsolution.m>

Save the value of A and the corresponding magnitude into a text file.

Considering the development of the results for the previous values of A\, automatically adapt
the ranges of dug and dvg for the next iteration (for the optimization, it is necessary to use
the narrowest range of the parameters as possible).

</for cycle>

Load results for the whole range of A from the text file.

Vizualize dependancy of the magnitude of the solution on the parameter A — plot the bifurcation
diagram.

< /numerical.m>

Using two grids in the implementation saves significant amount of time and memory. In the graph,
the optimized script skips parts of the domain where the results cannot be located (from the coarse
grid’s point of view), thus the script leaves blank rectangles in the graph.

2.2.2 Results of the numerical experiments

As an ilustration of the numerical experiments, we include results for a few values of A. In this

subsection, we consider p =3, ¢ = 1.5, and r = %

Obviously, setting (dug, dvy) = (0,0) yields a trivial solution. Nevertheless, for small positive values of
A, the numerical experiments anticipate existence of a nontrivial solution as it can be seen in Figure
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(a) Diagram for A = 1 (coarse grid). (b) Diagram for A =1 (dense grid).

Fig. 2.1: The dug-dvg diagram for A = 1 and both coarse and dense grid.

In Figure 2.1D] the experiments suggest that there exists a narrow red protrusion coming from the red
area at the bottom-left corner of the diagram. At the point where it touches the green area, all four
colors connect at the pair (dug, dvg) corresponding to a nontrivial solution.

As the value of X increases, the red protrusion is visible for higher and higher values of dug and duvy,
as shown in Figure

If we fix A = 10, besides the solution ilustrated in Figure with dug ~ 1 and dvg =~ 0.03, the
experiments found another solution for dug ~ 44, dvg =~ 16.5, as ilustrated in Figure [2.3] Figure
manifests that the magnitude of the solution for lower initial slopes dug, dvg (corresponding to the
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diagram in Figure is lower than the magnitude of the other solution. Fixing A = 1 yields similar
scenario.

This suggests there exist two branches in the bifurcation diagram; the lower branch (closer to the
trivial solution — in the view of the magnitude) and the upper branch (farther from the trivial solution).
Based on the presented results, the branches are also getting closer to each other with increasing A,
presumably colliding at some point of bifurcation.

With this assumption, we let the script explore the range 1 < XA < 50. The results confirmed the
assumptions that the branches meet at some point A~ 49. Beyond 5\, no solutions could be found.
This behavior is concluded in the bifurcation diagram presented in Figure [2.5

For A & ), it is not possible to sufficiently describe the geometry of the dug — dvg diagrams using the
predefined grids (the red and green protrusions in the diagram are too narrow). Due to this fact, the
script cannot determine the value A more accurately. Using denser grids would allow us to determine
the value \ in a slightly more accurate way, nevertheless, for purpose of this work, the current estimate
is precise enough. More pictures can be seen in the Appendix.
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I
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0.5 0.6 0.7 0.8 0.9 1 1.1 1.2 13 1.4 0.5 1 15
duo dUO
(a) Coarse grid. (b) Dense grid.

Fig. 2.2: The dug-dvg diagram for A = 10, dug = 1, dvg ~ 0.03
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Fig. 2.3: The dug-dvg diagram for A = 10, dug =~ 44, dvy ~ 16.5.
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Fig. 2.4: Comparison of two computed solutions for A = 10.

()

max v
z€[0,1]

Broe,
l....
bl ]
oooo.....
o
5k .......
%ee
.
o....
.
4t %o,
®e
.

.

.o
3r °
2L

o°

o’
1r R
.
° oe®
ooo®
spo00®®®
0 eee L : 1
0 10 20 30 40 50
A
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2.2.3 Behavior of the energy functional

As we described above, a function v € X is a solution of — if and only if v is a critical point
of the functional J. Thus, we might numerically examine existence of solutions by means of observing
the behavior of the functional J.

Let us suppose that v is a solution to f. For a given A > 0, consider

JwiteR— J(tv) €R, (2.21)

which is a one-dimensional function capturing J in the directionlﬂ of v. Since v is a critical point of J,
Jx» has a critical point. We point out two important facts concerning this implication:

« We cannot reverse the implication. Generally speaking, since .J) ,, captures J in a single direction
and we have infinitely many linearly independent directions in X, nothing is implied by the
existence of a critical point for J) .

 Let us suppose that the function Jy , has a local maximum corresponding to a critical point of
J. Then it does not automatically yield local maximum of J. Since we consider only a single
direction, J might grow around the critical point in another directions forming a saddle point
in the critical point.

From the previous numerical experiments in this section, we have a collection of solutions v for a certain
set of values of . Based on this data, we describe J) , numerically in Figures To provide
a more convenient description of the figures in relation to the bifurcation diagram in Figure [2.5 we
use the following notation:

« if A is given and v is a corresponding solution located on the upper branch in the bifurcation
diagram, we denote v* := v,

« if X is given and v is a corresponding solution located on the lower branch in the bifurcation
diagram, we denote vy := v.

The horizontal axis in the figures is colored by red (green) if the function J) , is decreasing (increasing)
at the point on the axis.

Observe that in Figure Jx» has a local minimum for vy and ¢ close to zero. The experiments
suggest that the functional J has a local minimum for solutions on the lower branch of the bifurcation
diagram (including vyg). The local maximum in the figure, on the other hand, does not correspond to
any critical point of J.

On contrary in Figure , J)» has also a local minimum for v39, but J has saddle points for solutions
on the upper branch (including v*”), which correspond to the local maxima of Jy .

Finally in Figure the local minimum and maximum of Jy,, almost meet, hence we can expect
that, at the point of bifurcation, Jy, has only an inflection point and critical points of J coincide
there. For higher values of A\, no critical points of J should be present. For more pictures, see the
Appendix.

In the following chapter, we attempt to confirm analytically what the numerical experiment suggest.

5We stress out that even though this concept looks very similar to cuts of a two-dimensional function, the situation
is very different in many ways as it will be clear below. The concept only serves as an insight and has to be treated
carefully.
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Fig. 2.6: Jy , for A far from the point of bifurcation.
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Fig. 2.7: Jy,, for A = 48.975, i.e. almost at the point of bifurcation.
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Chapter 3

Analytical results on existence and
multiplicity of solutions

3.1 The Mountain Pass solution

We recall that, for our purpose, the problems and f are equivalent. It comes straight
from the formulation that (2.4)—(2.5)) is always satisfied by a trivial solution for any allowed choice of
the parameters p, g, 7, and A\. From now on we focus only on nontrivial non-negative solutions.

The numerical experiments in Section suggest that at least two nontrivial solutions of f
exist. We now find the solution located on the upper branch of the bifurcation diagram (farther from
the trivial solution) using the Mountain Pass Theorem. In what follows, X* denotes the topological
dual space of X with the topology induced by the norm in X. To clarify notations and conventions
for this section, we now formulate the following statements.

Definition 3.1 (Palais-Smale condition [7]). Let F' € C'(X,R) and ¢ € R. The functional F satisfies
the Palais-Smale condition on the level ¢ if any sequence (u,) C X such that

F(up) = ¢, |[[DF(up)|x+—0 (3.1)
has a subsequence which converges strongly in X.
For simplicity, the Palais-Smale condition on the level ¢ will be denoted by (PS)..

Theorem 3.2 (Mountain Pass Theorem [7]). Let F € C*(X,R), e € X and R > 0 be such that
lle]l > R and

Jg’( F(u) > F(o) > F(e).
lul x=R

If F satisfies the (PS). condition with

c:= j/relﬁtIen[g,}li] F(y(t)) with T :={ye€C(]0,1],X):7(0) =0, v(1) =€},

then c is a critical value of F.
Firstly we show that J satisfies the technical assumptions of Theorem

Lemma 3.3. The functional J belongs to C1(X,R).
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Proof. Let v € X be fixed, but arbitrary function. Considering the value D.J(v)y given by the formula

(2.19), we define
DJv): X - R

© — DJ(v)ep.
The mapping DJ(v) is the Gateaux derivative of J at v in direction of ¢ € X if DJ(v) € X*, in other
words, DJ(v) is linear and bounded functional on X. Linearity of DJ(v) is obvious, we now prove its

boundedness.
From the triangle inequality and from properties of the integral we have

1 1 1
DI < [ @ @)t | do+ W [ [(ws@) o) el dot [P ole) o] de.
0 0 0

Using relation vy (x) < |v(z)| for any x € [0, 1], Remarks Lemmal/(l.17] and Holder inequality,
we get

1
DI ()l < vl Nellx + (ALl + [lvl%) llellx- (3.2)

Since both A and v € X are fixed, (3.2)) yields boundedness of DJ(v). Hence DJ(v) € X* for any
v € X and the Gateaux derivative of J is well-defined.

It remains to be proved that

DJ:X —» X~
(3.3)
v— DJ(v)
is continuous in X, that is, for any sequence (v,) € X and any v € X such that ||v, —v||x — 0,
sup |DJ(vy)e — DJ(v)p| — 0, (3.4)

lellx=1

or to be more precise, it is enough to prove that 1) holds for a subsequence (vnk);riol C (Un):;i.i C X.
We proceed in several steps.

Step 1 Preliminaries

Let us suppose we have (v,) C X and v € X such that ||v, — v|[|x — 0. Then Lemma proves
that ||7}n — /UHLp+l(O,1) — 0.

Theorem 4.9 on page 94 in [4] gives a subsequence (v, ) C (v,) C X and a function h € LPT1(0,1)

such that
Up, (z) — wv(z) ae. in (0,1), (3.5)
|un, ()] < h(z)ae. in (0,1) for all k£ € N. (3.6)
Since ||v, — v||x — 0, we have
|on, —v|lx — 0. (3.7)

Let us introduce a real-valued function
f(s) =X s 4 s
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and for k € N and any ¢ € X satistying ||¢||x = 1, let us denote

1
1 4 1_q
I, = /‘|ngq v,’{k—|v”\4 V"] " | da,
0
1

Iy = /If(vnk(@)—f(v(lf))l lp(2)] da.

0
Then, using the Triangle inequality and properties of the Lebesgue integral, we get

DI (va)¢ — DI(0)g| < I + I. (3.8)

We now estimate the terms I; and I from above separately. We emphasize that, for the sake of
brevity, we omit dependence on k in the notation of I; and Is.

Step 2 FEstimate for Iy

1
Since the function |t|a " ¢ is globally %—Hélder continuous, we estimate with some C' > 0

and using Holder inequality further yields
1
+1
L<C /\vgk —v”|q7dac
0

Since ||¢||x = 1, we conclude

1
I < Cllvp, —v||%- (3.9)

Step 8 FEstimate for Iy

We demonstrate an estimate (or growth inequality) for f(s) = As’.* + sﬁ“ which will be used

later in this proof.

If we consider s € R such that |s| < 1, then

1£(s)] < A+ 1. (3.10)

On the other hand, when we choose s € R such that |s| > 1, then due to r < p, we have
[F(s)] = [sPTH s 7P+ 1) < [sPPFH (A + 1), (3.11)
Thus for any s € R, estimates , give
[f(s)] < (A+1) (1 +[s]P*). (3.12)

Now, we estimate I» from above. We use Hélder inequality, which yields

I < £(wn) = O gt | Ilreson (3.13)
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and using Lemma and the assumption ||¢||x = 1, inequality (3.13)) reads as follows

p
Pl
pt1

1
< | [ 1) - fo@)F | (3.14)
0

We will find usefull in the following step to have also an estimate for the integrand in (3.14]).

Using the convexity of the 2 ;l—th power and assertion 1D we obtain the following estimates
for all z € (0,1) and any k € N

ptl

[f (ony (%)) = flo(@))]

ptl

2} (| (e I + (0] F)
< B0+ (ML + o @P)F + 1+ p@P)F)

IN

< A1) (24 fon, @+ [o(@)).

Finally, relation (3.6)) gives for almost all x € (0,1) and k € N

pt+l

[ (0n, (2) = (@) 7 < 4r(A+ 1) 2+ (@) [P*+ (@) P (3.15)

It is necessary to point out that, from (3.6]), the function on the right-hand side of inequality
(3.15)) belongs to L'(0,1) from the embeddings in LP spaces.
Step 4 Continuity of DJ

We prove that |DJ(vy, )¢ — DJ(v)p| converges to zero uniformly in ¢ € X with ||¢|[x = 1. By
(3.8)), it is enough to prove that I; — 0 and Iy — 0 provided ||v, — v||x — 0.

The convergence of I; follows directly from (3.7)) and (3.9).

For the convergence of I3, we use estimate (3.14])) and the Dominated Convergence Theorem. It
can be easily seen that f(s) satisfies the Carathéorodory property (see [7], Def. 3.2.22, p. 136)

and thus using (3.5)), we get

p+1

|f(vn, (2)) — f(v(z))| » — 0 ae. in (0,1).

+1
Moreover, the function |f(vp, (z)) — f (v(m))|p7 has an integrable majorant almost everywhere

in (0,1) (see (3.15))). Thus the Dominated Convergence Theorem gives

1

/ 1 ome) — ()] dz = 0

0

and hence by (3.14)), I» — 0.
The proof is now complete. O
Lemma 3.4. The functional J satisfies (PS). for any ¢ € R.
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Proof. Let us consider a sequence (v,) C X satisfying (3.1]) with some ¢ € R. This implies that there
exists K > 0 such that
J(v,) <K VneN (3.16)

and for any € > 0 there exists ng € N such that for all n € N bigger than ng and for all ¢ € X we have

|DJ(vn)p| < el x (3.17)

First we prove that (v,) is bounded in X. Passing to a subsequence of (v,) (which for simplicity we
denote the same), arguing by contradiction, we assume ||v,|x — “+oo.
Using (3.16) and (3.17)), we estimate

€ 1
K >J ———DJ
+ P+ 1 HUNHX = (UTL) Dt 1 (vn)vn
Lemma [1.17] yields
€ q 1 atl A 1
K+ — > — = — q — = . 3.18
+p+1uvn||x_(q+1 ) el (3 - ) Il )
Since (vy,) is not bounded, for all n sufficiently large, ||v,||x > 0 and therefore we can divide both
atl
sides of (3.18)) by [|v,[ly* , which gives
K 1 A A 1
ax - lz(qil_p+1>+<p+1_r+l> ' (3.19)
lonlly" (4 1) lloallx lv Hq

From the assumptions for the parameters ¢ and r, we know that all the powers of ||v,||x in (3.19)) are
positive and

Thus, taking the limit as n — +oo in (3.19) yields a contradiction and hence (v,) is bounded.

If we pass to a subsequence denoted for simplicity as (vy,), from Eberlain-Smulyan’s Theorem (see [7],
Th. 2.1.25, p. 67) and from Theorem we have that there exists v € X such that

v, — v inX, (3.20)
Up = U in L (0 1). (3.21)

We now prove that (v,) converges strongly in X. Since holds and X is a uniformly convex
space, it follows from [4], Prop. 3.32, p. 78, that it suffices to show that ||v,|x — ||v|x.
Denote
en = ||DJ(vp)||x* :== sup |[DJ(vy) el
lellx=1

Observe that €, > 0 and hrf en = 0. Choosing ¢ := v, — v, (3.17)) for any n € N reads as
n—-+0o0o

1

|DJ(vp) | = /v Ll (! / (vn) T o (v n—v)—k(vn)ﬁ_lvn( n—v))d:cg
0
<enllollx-
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Using the triangle inequality, we estimate

1

/|U’/|_1 "oy — ") dx| — /)\(Un)qu Yo (v — v) | —
0 (3.22)

1
_ /(vn)ﬂ_lvn(vn—v)da} < en|lvn — v x-
0

Using propertles of the integral, applying (vy,)’~ Ywp| < up|" and the Hélder inequality for the conju-
gate exponents £ T and g + 1 yields

1
J A o (0 =) ] < ol o on = ol g
0

Since (vy,) is a bounded sequence in X, applying Remark Lemma [1.17, and (3.21]), we obtain
1
lim A (v) "t v (0 — v) da = 0. (3.23)

n—-+o0o
0

Arguing in the similar manner yields also
1
lim [ (vp) Yo (0 — v) dz = 0. (3.24)

n—-+o0o
0

We recall that (vy,) is bounded in X and &,, — 0, therefore (3.22)), (3.23), and (3.24) imply

lim / ]vméfl v (v —v")dx = 0. (3.25)

n—-+o00

In addition, from the definition of the weak convergence given by (13.20)), we know that

lim / \fu”ﬁfl V" (v —v")dx =0 (3.26)

n—-+oo

and hence subtracting terms in (3.25)) and (3.26)) and using Holder inequality yields

1

at1
0= lim ||vnHX /]v " dx — /]fu”|q_1 "o da 4 [Ju])

n—-+o0o

q+1
> lim (anux — ol ol = [0l ol + ol )

1 1
= lim <anll§<— ||v||§<> (Jonllx = llvllx)-

n—-+o0o

L. . . .
Since the function x — x 9 is strictly increasing,

1 1

02 tim_(loal§ ~ Il ) Glenlls ~ o) 2 0,
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thus, necessarily,
[onllx = Jlvllx. (3.27)

Assertions (3.20)) and (3.27]) prove the statement. ]

Now we verify that J has the desired geometry described in Theorem

Lemma 3.5. There exist positive constants T, \g = Xo(T,p,q,r) such that for all A € (0,\g) there
exists C = C(T,p,q,r,\) so that for any v € X satisfying ||v||x =T we have J(v) > C > 0.

Proof. Observe that for any v € X and any s > 1 it holds that |[vy|[zs,1) < [|vllzs0,1)- Applying

Lemma from ([2.18]) we estimate

1
1
©) 2 ol - Sl - =l
A trivial operation further gives
A 1
J() > ||v||%t — - |IxT"). 3.28
©) 2 ol (A IollE - 5 - g el (3.25)
Consider the function )
q 1, _
h(t) = ——ta " — ——— P >0,
®) q+1 p+1 -

then direct calculation yields

e R
q+1 p+1
and hence we get two possible points of local extremum
(L—ar)p+ 1)>m‘11
(¢+1)(p—r) ‘

Using the assumptions for the parameters p, ¢, r, we obtain to € (0,1) and we can estimate

, t>0

t1:0 and t2:<

q té -r q T 1 tp r

q+1 q+1 72 p+1

Clearly, h(0) =0, lim h(t) = —oo, and h(t2) > 0 and thus t3 is a point of global maximum of A(t).

t—-+o00

We denote T := t5.

Let v € X satisfy ||v||x = T. Inequality (3.28) for v now reads as

J(v) > T (h(T) — Ti 1) : (3.29)

Denote

e q l—'r’_ 1 p—r o
Aoo—(r+1)<q+1T‘1 p7+1T >—(r+1)h(T)

and let A € (0, Ag). Setting
1 1 A A
Co=Trt (—Lqer o = e >:TT+1(hT—hT>,
<q +1°" T pd r+1 ) @
it follows from ([3.29|) that

J(v)>C >0,

which gives the claim. O
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The constant T from Lemma plays a significant role in deriving existence of the solutions. For
simplicity, we introduce the following notation.

Notation 3.6. Let By C X denote a closed ball centered in the origin with radius 7', that is,
Br={ue X: |ullx <T}.
Lemma 3.7. There ezists v € X \ Br such that J(v) < 0.

Proof. Let ¢ € X be an arbitrary, but fixed function satisfying ¢ € 0Br and ¢ > 0 almost everywhere
n (0,1). Then for t > 1

g+1

£ el

_ A g L et

J(tp) = r+1 Lr+1(0,1) p+1 Lr+1(0,1)°

q+1

and from the assumptions for the parameters p, g, r, A\, we have

lim J(ty)= —oc.

t——+o0
Therefore for a sufficiently large ¢ > 1, the function ¢ :=t ¢ yields ¢ € X \ By and J(9) < 0. O
The previous lemmas give us all the information needed for the proof of the following theorem.

Theorem 3.8. Let A\g > 0 be as in Lemma . For \ € (0, \o), there exists a nontrivial weak solution

v1 € X of (24)-(2.5). Moreover, J(vi) > 0.

Proof. For the functional J we know the following:

« J € CY(X,R) as it was proved in Lemma

for A € (0, \o), veig};T J(v) > C > 0 from Lemma

« existence of e € X \ By such that J(e) < 0 is provided in Lemma
« J satisfies (PS). for any ¢ € R as shown in Lemma
Theorem with ' = J and R = T then yields the existence of v; € X such that

DJ(v1)p = 0 forany ¢ € X, (3.30)
Jv) = ¢ (3.31)

with ¢ defined in Theorem Moreover, from the definition of ¢, it is clear that
J(v1)=¢c¢>C>0.

Equality (3.30]) implies that v; is necessarily a weak solution of (2.4)—(2.5). From (3.31)) we have that
J(v1) > 0 and hence v; is nontrivial. This completes the proof. O
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3.2 Solution near the origin

From the numerical experiments, we also observe the existence of a solution near the trivial solution.
To find it, we set out an appropriate bounded region containing the trivial solution. Then, we show
that the functional J has a local minimum in this region and we also prove that this minimum
corresponds to the nontrivial solution near the origin.

To accomplish this, we will use the following Theorem, which sums up Theorem 1.1 in [12], p. 2 and
the corresponding comments.

Theorem 3.9 (Minimization Theorem [12]). Let M be a topological Hausdorff space and suppose M
is sequentially weakly compact and E : M — R U {+o0o} is sequentially weakly lower semicontinuous.
Then E is uniformly bounded from below on M and it attains its infimum.

The statements in this section use notation and constants introduced in Lemma [3.5] and Notation 3.6l
To begin with, we prove the following lemma.

Lemma 3.10. There exists 0 € X \ {0} such that © € int By and J(0) <0

Proof. Let ¢ € X be an arbitrary, but fixed function satisfying ¢ € dBp and ¢ > 0 almost everywhere
n (0,1).
Then for ¢t € (0,1) and A >0

q o A e+l r+1 1 o p+1
J(tp) = ?t i H‘P”X ol el a0, m el 704101y
which can be rewritten as
_gr+l q = o A r+1 1 p—r p+1
J(tp)=t q—l—il ||SO||X Ea—— ||S0||LT+1(071) — m t ||SO||LP+1(0’1) .
Since 1 > r > 0, there exists t > 0 sufficiently small such that J(ty) < 0. Finally, if we denote
0 :=tp, then ¥ € By and J(0) < 0. This completes the proof of the lemma. O

Existence of the solution near the origin is then provided by the following theorem.

Theorem 3.11. Let A\g be as in Lemma . For all X € (0, \g), there exists a nontrivial weak solution
vo € int By of f. In addition, J(vy) < 0.
Proof. Lemma (3.5| gives us the constant 7" such that, for all A € (0, A\g), J(v) is positive on OBy. Let

A € (0, A\o) and consider a minimization problem for J(v) with v € By. We prove that the minimum
is attained at the interior of By and that it is nontrivial.

Space X is reflexivd| and thus, using Kakutani’s Theorem (see [4], Theorem 3.17, p. 67), Br is
sequentially weakly compact.
Let us now show that J is sequentially weakly lower semicontinuous in By, that is, for any (v,) C Brp
converging weakly to v € X ,E|

J(v) <liminf J(v,).

n—-+00
Let us assume that (v,) C Br converges weakly to v € X. The norm ||.||x is sequentially weakly
lower semicontinuousﬂ in B, therefore

1 1
q+1 A
B +1 +1
imint J(on) 2 ol = it | [t e ) = i | [t ez ) @22)
0 0
1SeeLemmaL

2In fact, since Br is proved to be sequentially weakly compact, v € Br.
3From @], Prop. 3.5 (iii), p. 58
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For s > 0, let us denote
1
F,:C([0,1]) = R such that Fs(u) = /ufl dz, uwe C([0,1]).
0

In the uniform topology of C([0,1]), Fy is a composite functional of continuous mappings and thus
the functional F is continuous.

+1

Observe that X is continuously embedded in Wl’qT(O, 1) (see estimates l) and ), thus
Theorem [T.T5] yields

X << C([0,1]).

Since (v,) C Br converges weakly to v € By, the sequence (vy,,) converges uniformly to v in [0, 1] and
therefore

Fy(vp) — Fy(v). (3.33)

Inequality (3.32)) and the continuity of Fy for s = p and s = r shown in (3.33)) directly give that J is
sequentially weakly lower semicontinuous in Bry.
Existence of vo € By such that

J(vg) = inf J(v)

vEBTp

follows from Theorem [3.01

Lemma guarantees that vy € int By, vy is nontrivial, and J(vs) < 0. Hence, clearly, the function
v9 is a weak solution of (2.4)—(2.5). Now the proof is complete. O

* % %k

In the previous sections, we used two different variational methods to obtain a nontrivial weak solution

for *—. However, these two solutions might correspond to the same function in X. We now

prove [Main Theorem'| which rules this option out and which sums up the previous results.

Proof of[Main_Theorem]. Let \g be as in Lemma [3.5] and let us consider A € (0, \g). Then it follows
from Theorems and that there exist two weak nontrivial solutions vy, ve € X of ([2.4)—(2.5)).

Moreover, since J(v1) > 0 > J(v2), the weak solutions are necessarily distinct.

Functions v, v9 are classical solutions of — due to the regularity given by Proposition
Using relation , we get the corresponding nontrivial functions uy, us such that the pairs of functions
(u1,v1) and (ug,v2) solve (2.2). As it was described on page [9] all the functions are necessarily
non-negative. Hence for A € (0, ), the pairs (uj,v1) and (ug,v2) represent two distinct nontrivial
non-negative classical solutions to . O

3.3 Remarks on existence and multiplicity of solutions

We close the chapter with a few comments concerning the results presented above.

1See p.
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Improvement of \g

[Main Theorem] claims that, for A € (0, \g), there exist at least two distinct solutions of (2.1)), in other
words in the bifurcation diagram, we find at least two branchesﬂ Naturally we can pose a question
to what extend this Ay is accurate.

Section predicts existence of two branches for A € (0, 5\) and approximates \ & 49 (for p = 3,
q¢= 1.5, and » = 37!). For the same values of the parameters,

Ao &~ 0.59 < ).

Assuming numerical experiments correspond to the actual behavior of the system , the theoretical
results in this chapter describe the system only on a very narrow interval.

Most of the inaccuracy is brought by Lemma [I.17} i.e. the embedding of the space X into LP spaces.
The embedding was proved very easily, however, the constant of the embedding appears to be very far
from being optimal. Lemma was used to get assertion which helped us to prove Lemma
Lemma then appeared in proofs of theorems which showed existence of the solutions both via
Mountain Pass theorem and via Minimization theorem.

The higher the value of A is, the less estimate captures the behavior of the functional J. To
extend the range of values of A which our results can be proved for, it is reasonable to attempt to
obtain a better constant of the embedding in Lemma [1.17]

For the embedding X, < L7(0,1) with v > 1, there has to exist an optimal constant Cep,, > 0 such
that

||u||L’Y(O,1) < Cemb HUHXW (334)
and such that there is no lower constant satisfying this inequality, that is

u
N P

emb T yex, lull 27 0,1 '
u#0

(3.35)

Similarly to the well-known result for the Laplace operator, it can be shown that C b corresponds to
the first eigenvalue of the problem

d2

@G //|PY 2“)_)“u|'y 2 u, .%‘E(O,l),

u(0) = u(1) = 4" (0) = u"(1) = 0.

We do not know the exact value of the principal eigenvalue, however, in [3] there was proved an

estimate o . i
Comp < Kemp := @ min M _ l ! M _ i ! (3.36)
i 2 o+ 1) \ter+h ) |
“+o00
where 7' 1= ~17 and I'(z) := ‘of t*~le~tdt.

When (3.36) is incorporated in deriving the estimate for J from below, we proceed as follows. For
v € X, the assumption r < % yields

o+ llzrss0) < ollzrsaon < Wl g

5The constant \g is presented in Lemma
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simply from embeddings of L? spaces. We now apply 1D with v = % + 1, thus in terms of 1 ,

we obtain

o4 llzrr1(0,1) < Kemp [|0] x- (3.37)
Unfortunately, from the preceeding steps, it is clear that the same process cannot be used for the norm
||U+HLP+1(O,1)‘

We now estimate from ([2.18))

q o H; 1 1 1
J > q em T p
©) 2 ol - 25 m ol - ol
or respectively,
)\KT—I—I 1
J() > o] . emb _ . 3.38
) > [l ( Lol - S ol (3.39)
If we replace (3.28) by (3.38) in the proof of Lemma we get the same result Withﬂ
1 1_ 1
Mo = 11 (q Ti ' ——— T’”) - (3.39)
Kl -o\qg+1 p+1

For parameters p =3, ¢ = 1.5, and » = 37!, we can approximate

Ao ~ 10.78.

Even though the presented procedure is more sofisticated, it is still not optimal at all. The reason

is that we applied the embedding X < L%H(O, 1) for the term with L™ !-norm, but the term with
LP*!norm was still treated as before.

If we were able to find exact (optimal) constants both for the embeddings X < L"7!(0,1) and
X < LPT1(0,1) (or at least sufficient estimates), the result would be even better. Yet, such estimates
are not known to us.

Behavior of functional J for high values of A

The value A ~ 49 introduced in Section approximates the upper bound of the interval where
existence of two distinct solution is expected. Beyond 5\, no solutions are anticipated. To prove
existence of a solution, we used functional .J (see (2.18)) — we looked for critical points of the functional
which were proved to correspond to the solutions of . This was also described numerically in
Section

Now we ilustrate how the functional J behaves when A exceeds a certain value. Let us take u(x) =
sinma for z € [0,1]. Naturally, the function w is not a solution to 7, but due to its properties,
it can be used to obtain an intuition when examining the behavior of J.

For s > —2, we have
1

sl ( %)
J T = ey

In Section we chose a fixed A and computed the functional J in the direction of a solution for
the particular value of A. The result was shown as an one-dimensional function Jy, (see (2.21]) for
the definition). In this case, we consider the fixed function u and we observe, how J behaves when A
changes.

(3.40)

SFor definition of T, see the proof of Lemma
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Using (3.40)), we are able to descibe J analytically as a two-dimensional function

Ju: RTxRT - R,
(ta)‘) = J)x,u(t)'

The function J, = Jy(t, ) is visualized in Figures [3.1] -

From the figures, it is clearly visible that for A small, the function Jy, reaches a local maximum
and then descends towards negative infinity. As A attains a certain threshold, the local maximum
disappears and the function falls down right from the beginning. Thus, we do expect that no critical
points can be found for J for higher values of A.
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(a) Contours of .J,, with highlighted level zero
(black curve). (b) Function J,, with tA-plane (gray).

Fig. 3.2: J, in the context of its contours.
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Appendix

1751 17
17.4 16.9
1731 1681
172 16.7
1711 16.6
17 16.5
S 169 S 164
= <
168 163
167 16.2f
16.6 - 16.1
16.5 : ‘ 16 : :
435 44 445 435 44 445
duo dUO
(a) Solution v° in duy — dvy diagram. (b) Solution v'% in dug — dvy diagram.
15.8 14.5
15.7 14.4
15.6 [ 14.3
15.5 14.2
15.4 - 1411
153} 14t
S 152 S 139t
= <
15.1 138
15 13.7
14.9 13.6
14.8 13.5 L !
426 428 43 432 434 436 415 42 425
duo duO
(c) Solution v?® in dug — dvy diagram. (d) Solution v3° in dug — dvg diagram.
1251
124
123
1221
1211
12t
S 119
=
11.8
1.7
116
11.5 - - - - !
39 39.2 394 39.6 39.8 40
dUO
(e) Solution v%? in dug — dvy diagram.
Fig. Al: Solutions from upper branch of the bifurcation diagram shown in dug — dvy diagram.
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09r 09r
08 0.8
0.7r 0.7
06 0.6
05 0.5
g 04 @O 045
3 hS
03r 03 F
02 021
0.1 0.1
0 0
0 0.2 0.4 0.6 0.8 1 0.6 0.8 1 1.2 1.4 1.6
duo dUO
(a) Solution v in dug — dvg diagram. (b) Solution wvyg in dug — dvg diagram.
1r 18
09r 1.7
08 r 16
0.7r 151
06 14+
05 131
S o4t SEEREL:
S hS
0.3 1.1
0.2 1
0.1 09
0 t ! 0.8
35 4 4.5 8.5 9 9.5
duo dUO
(¢) Solution vy in dug — dvg diagram. (d) Solution wzg in dug — dvg diagram.
34r
331
32

dUO

24
15.8 16 162 16.4 16.6 16.8
dUO

(e) Solution wv4g in dug — dvg diagram.

Fig. A2: Solutions from lower branch of the bifurcation diagram shown in dug — dvg diagram
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t t
(a) Jyp» for X =1 (b) Jy p» for A =15.

=
RS
18
0 0.5 1 15
t t
(c) Jypur for A =30 (d) Jyo» for A =47.

Fig. A3: Jy ,» for several values of .

38



J)\,v(t)

J)\,U(t)

-30

0 0.5 1

t
(a) Jaw, for X =48.975

(b) Jaw, for A =40

50

-60
0 10 20 30 40

t
(c) Jrv, for A =20.

50

60 70

t
(d) I, for A=15

Fig. A4: Jy,, for several values of A.
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