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Abstract – We propose a method of characterization and 
assessment of the uniformity of the surface properties of 
samples based on a set of derived parameters. Local 
(sliding window) variance, Allan and Hadamard 
variances and centers of potential for measurement lines 
are used to assess the uniformity. The method is 
exemplified for the potential of piezoelectric thin (nano) 
films, but it is applicable to a large range of properties.  
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I.  INTRODUCTION 
In many unrelated applications, such as sets of 

synchronized clocks in microsystems, networks of 
clocks, clocks in GPS systems, uniformity of 
coverings of surfaces, surface rugosity (roughness), 
surface charging, and voice pathology, one needs to 
assess the constancy (uniformity, steadiness) of the 
variable(s) of interest along the different realizations. 
The variable of interest may be frequency (clock 
frequencies, voice specific frequencies), color or 
thickness of the surface covering, roughness (height of 
surface irregularities), or charge in case of charged 
surfaces. The ‘realizations’ may be the different 
frequency recordings, one per clock (object), the series 
of thickness values measured along lines of samples of 
covered material, the values of color of the pixels 
along columns of images, or the values along different 
lines of measurement of the charge (or potential) along 
surfaces of a set of dielectric samples. 

Various specialties tend to use different parameters 
in assessing the uniformity. For example, clock 
frequency steadiness is often characterized using Allan 
and Hadamard variances [1-5], surface roughness in 
tribology is defined in terms of maximal “peak” and 
“valley” dimensions (i.e., range interval) and of the 
standard deviation of the height of the surface 
elements (��� ��� �� , see [6]), color uniformity is 
sometimes assessed using descriptive statistics and 
Fourier analysis, while individual studies in voice 
pathology may use a combination of all the above as 
well as supplementary methods and indices such as 
those based on the correlation  [7 HNT]. 

In applications related to sensors, micro-actuators, 
and electricity micro-generators (energy harvesting), 
the surface uniformity of the properties of 
piezoelectric films is important for accuracy and for 
reproducibility in serial manufacturing. We propose a 
set of uniformity indices that refine the picture offered 
by basic statistical descriptors. Some of these 
indicators of uniformity are directly derived from 
common electrical quantities; others are adopted from 
unrelated disciplines. 

We propose indicators of uniformity derived from 
common electrical quantities: (a) the center of variable 
potential (defined similarly to the center of charge or 
mass) for the entire sample, or measurement line(s), 
when the sample has an axis of symmetry, moreover 
(b) the same for each half of the sample or 
measurement line; (c) the maximal and average local 
electric fields (local derivative of the potential), and 
the standard deviation of the local electric field; (d) the 
local standard deviation and its center. The indices of 
uniformity borrowed from other disciplines are Allan 
and Hadamard variations of the potential and their 
centers; to these, one may add indices based on the 
self-correlation function of the potential along a 
measured line [7], but we do not discuss these here. 

Although in this article we use the piezoelectric 
films as a suitable case for exemplifying the method, 
the same scheme is applicable to many other 
situations, such as roughness characterization. 

II. JUSTIFICATION OF THE MULTI-CRITERIAL 
ASSESSMENT FRAMEWORK  

While some basic applications with low quality 
requirements may be satisfactory serviced with a 
simple statistical analysis including just a few 
parameters, such as standard deviation and range of 
the supposedly steady variable, higher end 
applications may require a refined, detailed approach. 
As a matter of example, the requirements for the 
uniformity of the electrical charging of a fabric for 
dust filters can be much lower than the charge 
uniformity asked for membranes in electret 
microphones.  



 

In what follows, we consider that a single quantity 
(variable) represent the set of objects to be assessed. 
Consider that the realizations ��	
, � � 
�� � �, have 
all a number of �  measurement values, ��	 , � �

�� � �. In the first place, the use of the statistics over 
an entire set of realizations should be replaced with the 
comparison of the statistics over individual 
realizations (comparison of the local statistics). This 
may be less evident when the problem is to 
characterize the uniformity of the color or the 
roughness, but it becomes clear when the realizations 
are the signals of distributed clocks. In this respect, for 
gaining insight, the standard deviation of the overall 
population of measurements, ���� , should be replaced 
with the vector of the local deviations, ��	
, and a 
vector of averages, ��	
� should replace the overall 
average, �. Here, �	 stands for the standard deviation 
of the set of values of �	 and �	 stand for the average 
of �	. Then, the statistics of the sets ��	
	 and ��	
	 
are of interest: it is desirable that the population ��	
	 
has very low standard deviation, to insure uniformity, 
moreover the range of  ��	
	  should be as small as 
possible. The same reasoning goes for the sets of 
values of Allan and Hadamard variances (AVAR and 
HVAR) determined over moving windows, as in [7].  

Typically, measurements of 2D samples (‘events’) 
are performed along measurement lines, such as those 
in atomic force microscopy (AFM), roughness, and 
electric surface charge. We restrict the discussion to 
this case.  

III. EXAMPLE OF APPLICATION 
In a related research [8, 9], nano films of 

poly(vinylidene fluoride) (PVDF) were deposited and 
their 3D height profile and the electric potential map 
was determined using atomic force microscopy 
(AFM), as described in [8]. For the method, see [9- 
12]. PVDF is widely used in various applications as a 
piezoelectric material, but it can have very different 
properties, depending on the film growth procedure 
[13-16]. Of particular interest is to determine the 
potential distribution after provoking the piezoelectric 
effect in regions of the film, using AFM techniques. 
Figure 1 shows the 3D graph of the potential 
distribution on the surface of the probe, with a central 
square of the sample polarized with the AFM in order 
to determine its piezoelectric behavior. 

 
Figure 1.  3D potential distribution on the sample 

A central measurement line of the potential, ����, 
is shown in Fig. 2 and constitutes the basis of the 
discussion in this article.  

 
Figure 2.  Potential profile; the analyzed region is between the 

vertical lines 

The surface electric field (tangential electric field 
component along the measurement line), defined as 
the potential difference between adjacent points, is 
defined based on the general definition �������� , 
precisely at measurement point ��  as �����  ��!��������  ��!��. The values of the microscopic 
electric field are very large because of the small 
distances involved, see Fig. 3. While the average of 
the field is relatively low (49.9 V), that is, the potential 
gradient is low on average, the standard deviation of 
the field is very large, 176195 V, indicating a large 
local variability of the potential gradient along the 
surface (precisely, along the measurement line).  

 
Figure 3.  The graph of the electric field numerically dedetrmined 

(see the text). 

 
Figure 4.  Variation of the electric field  

Notice in Fig. 4 that the variations of the electric 
potential (and field around zero values) produce local 
extremes that can act as traps for charges with the 
appropriate charge sign. For example, the local region 
in the circle in Fig. 4 is around zero electric field, 
meaning that it acts as a trap for negative charges.  

IV. DEFINING LOCAL ALLAN AND HADAMARD 
VARIANCES OF THE POTENTIAL AND THEIR ASYMETRY 

Considering the window "��� #� $ 
�  of width 
#� $ 
  centered at � $ � $ 
 , we define the local 
variance of a signal as [7] 

 �%�&�	�'( � �
('�� ) ���  �*&�(	�'�+	!'  (1) 

where �*&  is the average on the window " . Allan 
variance, denoted by ,-,�, is defined similarly, but 
using the derived sequence [1-5],  

 .� � ��  #���!�� $ ���!(�/ (2) 

,-,���&� is the variance of �.�
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The local Hadamard variance, denoted by 1-,� 
or �23( , is defined based on the derived sequence  

 4� � ��  5���!�� $ 5���!(�  ���!6�/  (3) 

Then, the Hadamard variance with null 
displacement, HVAR, is the variance of the series �4�
. 
Allan and Hadamard variances are largely used in 
frequency stability analysis, see [1-5]. Local standard 
deviation (STDEV), defined as above for sliding 
windows, and local AVAR and HVAR series were 
computed on moving windows of 40 samples, with the 
window having 19 predecessor samples and 20 
successors, starting at the 20th sample and ending 20 
samples before the end of the series. The series of the 
local standard deviation computed on the same 
windows is shown in Fig. 5. Notice that the local 
STDEV for the potential is much larger than AVAR 
and HVAR (Fig. 6), but shows less details of the 
uniformity. The local standard deviation is maximal, 
as expected, at the border of the sample, where the 
potential is less uniform. 

 
Figure 5.  Standard deviation in the central part of the 

measurement line 

 
Figure 6.  Allen and Hadamard variances in moving windows of 

40 values 

Figures 5 and 6 show that all three (standard, 
Allan, and Hadamard) series of local variances look 
asymmetric.  

V. CENTER OF POTENTIAL AND ASYMMETRIES 
ALONG MEASUREMENT LINES 

The notion of center of a linearly distributed 
quantity (charge, mass) is easily extended to the 
concept of potential, defined for a discrete linear 
charge distribution as  

 �78 � �
) 9:;:<=

> ) ����'�+�  (4) 

where � is the number of values of potential, ��, along 
a line. For the upper half of the measurement line, the 
center of potential is defined as 

 �78!9 � �
) 9:?@:<=

> ) ����A3�+�  (5) 

where ��  are the coordinates along the measurement 
line. Similarly is defined the center of charge for the 
half-lines in the lower half of the sample, �78!�. The 
difference ��78 � �78!9  �78!�  is null for 
symmetrically distributed charges. Large values of 
��78 would show asymmetries of the potential.  

The ratio to half length of the ‘middle potential’ 
for the half upper part is 5.05E-01 (i.e., at 50.5% of the 
upper part, only 0.5% distance from the geometric 
middle of the upper part). The middle potential of the 
lower half part is at 5.12E-01 (1.2% error from the 
geometric middle). Therefore, these quantities show a 
very good symmetry of the potential along the 
measurement line. From the point of view of these 
indicators, the potential asymmetry is very low. 

Applying the same concept of center and similar 
formulas for the three deviations discussed above, we 
obtain for the regions in Figs. 5 and 6: geometric 
center at 4.96E-06, center STDEV at 5.00E-06, 
relative error with respect to the center ( 
BB >
��CDEF  �GH9I� �JKL �  JMN ��O � , 3.55 %, center 
Allan variance at 4.96E-06, error 0.4%, center of 
Hadamard variance at 4.96E-06, error -0.2%.  
Therefore, the local STDEV variance is in this case 
more indicative of the asymmetry. 

VI. POTENTIAL AND ELECTRIC FORCE 
ASYMMETRIES 

The potential and forces created by the charge 
distribution at the center of the sample are important in 
applications. Assume that the measured local 
potentials are proportional with the local surface 
charges. In case of perfect symmetry, the potential at 
the center of the measurement line (line of charge), as 
created by the left and right sides, should be null. The 
value of the potential, at very small distances from the 
surface, is then given by the relation (which is in a 
way the reciprocal of the center of potential) 

P7I'GIH � Q > R) 9:
%ST;UTV!%:

A3�+�9W
 ) 9:

%:!%ST;UTV
A3�+�
�XY
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Computing for the region of interest, the difference 
in potential between the upper and lower halves of the 
line is less than 1% (upper/lower ratio is 1.0023). This 
result shows again a good symmetry. Above, Q  is a 
constant; it is irrelevant in this discussion. 

The force along the line (tangential force) 
produced at the center of the line is computed with a 
similar formula (using squares at the denominator, 
���  �7I'GIH�(). 

VII. DISCUSSION AND CONCLUSIONS 
The summary of the results presented in Table I 

shows that the variation of the potential is small, with 
the standard deviation representing less than 1.6% of 
the average, that the overall symmetry of the potential 
is good, with the center of the potential very close to 
the geometric center (4.978E-06 vs. 4.980E-06), 
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moreover that even the two halves of the measuring 
line exhibit almost perfect symmetry in terms of their 
respective centers of potential. The overall variation of 
the derivative (AVAR) is smaller than the standard 
deviation (0.0025 vs. 0.0195), which means that the 
variations are not very fast; the overall HVAR is also 
small, also larger than AVAR. Yet, the detailed 
analysis performed with sliding window standard 
deviation, AVAR and HVAR show that the local 
variations are not perfectly symmetrical, see Figs. 5 
and 6. 

TABLE I.  SUMMARY OF THE RESULTS FOR THE ASYMMETRY 
OF THE POTENTIAL, FOR THE CENTRAL PART OF THE SAMPLE 

Average potential [V] -1.237 
STDEV (total) [V] 0.0195 
Center (Middle) of potential [m] 4.978E-06 
Geometric middle of the measured region [m] 4.980E-06 
Middle potential upper part [m] 4.358E-06 

Middle potential lower part [m] 5.623E-06 

Distance (length of measured region) [m] 2.510E-06 

STDEV/aver % -1.580 
Error of the center of potential for the upper part 0.5% 
Error of the center of potential for the lower part 1.2% 
Min potential [V] -1.273 
Max potential [V] -1.192 
max-min potential [V] 0.081 
AVAR (overall) [V] 0.0025 
HVAR (overall) [V] 0.0039 

 

In this paper we proposed the use of a multi-
criterial assessment framework that combines several 
methods from different fields. The proposed method of 
assessing uniformity combines descriptive statistics 
with spatially weighted averages, and Allan and 
Hadamard variances; correlational analysis may 
supplement the analysis. We exemplified the 
framework for an application (PVDF piezo nano film) 
and discussed the benefits of the framework. 

The results of applying the methodology to a case 
of potential induced by piezoelectric effect in a nano 
film of PVDF shown a good uniformity of the 
potential, and detailed limits of the symmetry of the 
potential along a measurement line. 

Future research will be guided to apply the 
methodology presented in [7] and in this paper to other 
cases of charged surfaces and to the characterization of 
the roughness of the surfaces. 

While AFM microscopes are typically 
accompanied by powerful software packages for 
processing the results, these packages are not provided 
with means specific for assessing the uniformity of the 
surface properties. We suggest that it would be useful 
to include, in the software packages of AFM and other 
microscopes and devices for the analysis of surfaces, 
the means to assess the uniformity as proposed in this 
paper. 
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